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Parallel Processing Scheme for the Navier–Stokes Equations,
Part 2: Parallel Implementation

N. Ghizawi¤ and S. Abdallah†

University of Cincinnati, Cincinnati, Ohio 45221-0070

Parallel performance of two implicit schemes for solving the compressible Navier–Stokes equations on two
parallel computational platforms using the standard (portable) message passing interface is studied. These two
schemes are a lower-upper cycle-independent scheme developed by the authors and the symmetric successive
overrelaxation scheme (representative of cycle-dependent schemes). The parallel computational platforms used
here are the Lewis advanced cluster environment, which is an example of a network of workstations, and the
Ohio supercomputer Cray T3D massive parallel computing environment. Two versions of the lower-upper cycle-
independent scheme are studied: version I, where one processor per block is used, and version II, where two
processors per block are used. However, only version I is possible with the symmetric successive overrelaxation
scheme. The competitivenessof the workstationcluster to the Cray T3D is demonstrated.Moreover, parallel perfor-
mance results indicate that version I of the lower-upper cycle-independent scheme is superior to version II in the
range of a moderate number of processors. However, in the future, as the number of processors increases and the
communication cost decreases, this scheme will provide a means for using larger computationalpower (relative to
version I) that would otherwise be idle.

Introduction

C OMPUTATIONAL � uid dynamics problems of engineering
interest are among the most demanding scienti� c problems

in terms of the massive computational resources they require. Only
parallelarchitecturecomputersoffer thepromiseof providingorders
of magnitude greater computational power.

Many workershave tried to implement implicit schemes on paral-
lel computers.1 – 4 Generally, these works are based on the approxi-
mate factorizationmethod employingeither an alternatingdirection
implicit or a lower-upper factorization.5– 7 In either case, the factors
(steps) resulting from factoring the multidimensional problem are
dependent on each other where the solution from the � rst factor
(step) is needed to be able to solve the second step, and so on.
Therefore, these steps have to be performed in series, which limits
the parallelizationfeatures for these types of factorizations. In fact,
the main thrust of these works is directed toward employing do-
main decompositionprocedures where subdomains are assigned to
separate processors and solved simultaneously.The boundary con-
ditions at the subdomaininterfacesare usually time lagged to enable
solving each subdomain separately.

In Part 1 of this work,8 an implicit lower-uppercycle-independent
(LUCI) scheme for solving the compressible Navier–Stokes equa-
tions was developed. Using this scheme, the factors (steps) result-
ing from factoring the multidimensional problem are independent
of each other; therefore, parallel processingcan be used to enhance
computations of large problems.9;10 The desirable characteristics
for the LUCI scheme shown in part 1 (Ref. 8), namely, the uncon-
ditional stability, symmetry preserving, accuracy, and robustness
in massively parallel environments, motivated us to perform the
next natural part of this study (part 2). In this part, the parallel
performance of the LUCI scheme on two parallel computational
platforms is studied and compared with that of the symmetric suc-
cessive overrelaxation(SSOR) scheme7 (a typical cycle-dependent
scheme). The two computationalplatforms used here are the Lewis
advanced cluster environment (LACE),11 which is an example of
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a network of workstations (NOW),12 and the Cray T3D massive
parallel computing environment.‡ The standard (portable) message
passing interface (MPI)13 is the parallel library we used to par-
allelize our code. A staggered biplane con� guration employing a
hybrid multiblock grid is used as the benchmark case. Details of
the parallel implementationof two versions (version I for the SSOR
scheme and versions I and II for the LUCI scheme) are given.

In the next section,we brie� y discussthe computationalplatforms
used. Then we describe the benchmarkproblem used for evaluating
the parallelperformance.The parallelizationapproachfor versionsI
and II is then discussed,and � nally, the parallel performanceresults
are presented and analyzed.

Computational Platforms
A. Network of Workstations

In this work we used a cluster of workstations available at the
NASA Lewis Research Center. This cluster is called LACE12 and is
connectedvia severalnetworks.The LACE clustergetscontinuously
upgraded. The present con� guration has 32 RISC/6000 processors
(nodes 1–32) and a RISC/6000 model 990 (node 0), which is the � le
server. Nodes 1–20 are of the 590 model (the CPU has a 66.5-MHz
clock,256 kilobytesof data, and 32 kilobytesof instructioncaches),
whereas nodes 21–32 are of the slower 560 model (the CPU has a
50-MHz clock, 64 kilobytes of data, and 8 kilobytes of instruction
caches). The main memory capacity of these nodes varies between
128 and 512 megabytes. All of these nodes or subsets of them are
connected via several networks [Ethernet, Fiber Distributed Data
Interface (FDDI), Asynchronous Transfer Mode (ATM), etc.] with
different communication speeds and connection characteristics.

In this study, we used the fast LACE/590 model (nodes 1–20).
Furthermore,we chose to use the ATM networkdue to its high band-
width and its availability over all of the nodes. The MPI (MPICH
implementation version 1.0.13) is the parallel library we used to
implement our parallel programs on the LACE cluster.

B. Cray T3D
The Cray T3D is a globallydistributedbut logically shared mem-

ory multiprocessor with the topology of a three-dimensional torus
mesh network (three-dimensionalmesh with edges wrapped around
and connected).14‡ The machine we used in our study is the Ohio
Supercomputer Center’s Cray T3D. It consists of 128 DEC Alpha
21064 processors with 8 megawords (64 megabytes) of memory

‡Ohio Supercomputing Center, http://www.osc.edu.
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per processor. Finally, the message passing library we used on
the T3D is MPI (CRI/EPCC implementation supplied by the Cray
Research Incorporatedvia EdinghburghParallelComputingCenter,
Version 1.5a).

Description of the Test Problem
To evaluate the parallel performance of the LUCI and the SSOR

schemes, the staggered biplane con� guration shown in Fig. 1 of
Part 1 (see Ref. 8) is used as the benchmark case. The two elements
are NACA 0012 airfoils, staggered half a chord length in the chord-
wise and pitch directions. The � ow is transonic with a freestream
Mach number M1 of 0.7 and the con� guration is at a zero angle of
attack. Even though the � ow is subcritical for a single NACA 0012
airfoil at M1 D 0:7 and zero angle of attack, a shock forms in the
passage between the two airfoils.

A hybrid C-H-C three-block grid is used to solve this problem.
These blocks are shown in Fig. 1, and the mesh schematics close
to the two airfoils are shown in Fig. 2 (only one out of every 10

Fig. 1 Physical domain for the staggered biplane con� guration.

Fig. 2 Hybrid mesh schematics close to the airfoils.

Fig. 3 Computationaldomain for the staggered biplanecon� guration.

mesh lines in each direction is shown for clarity). Figure 3 gives the
resulting computationaldomain for this problem.

Two grids were generated for this problem. For the coarse grid,
the lower and upper blocks contained 51 £ 51 nodes each, whereas
the middle block conatined 101 £ 26 nodes. Similarly, for the � ne
grid, the lower and upperblockseach had 101 £ 101 nodes,whereas
the middle blockhad 201 £ 51 nodes.The sizesof theseblockswere
chosen in such a way so as to achieve a good load balancing when
the problem is solved in parallel. Assuming the computational load
of any block to be proportional to the total number of cells within
that block, an effort has been made to keep the number of cells per
block as close as possible.

Parallelization Approach
Before discussing the parallel implementation of the LUCI and

the SSOR schemes, let us de� ne the following: version I refers to
the case when the two solution steps needed to advance the solution
to the next time step are done serially using one processor,whereas
version II denotes the case when these two steps are done in paral-
lel using two processors.Because of the cycle dependency of these
steps in the SSOR case, only version I is used. However, the LUCI
schemewas parallelizedusingbothversionsbecausethese two steps
are independent of each other and thus can be implemented con-
currently.

A. Version I
The steps used to parallelize the SSOR and the LUCI schemes

using version I can be outlined as follows:

Setup of the Parallel Environment
The � rst step is to initialize the MPI environmentand to establish

communicators that describe the communication contexts and the
associatedgroupsof processors.The MPI COMM WORLD default
communicatorthat de� nes one communicationcontext and uses the
set of all processors as its group is the one we used in this version.
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Fig. 4 One-dimensional domain decomposition on LACE.

Domain Decomposition
This is a very critical step in the design of any parallel program.

A poor domain decomposition choice can cause disastrousparallel
performance. Geometric decomposition achieved by splitting the
problem into pieces along the main coordinate directions is a very
popular method for domain decomposition.

Geometricdecompositioncan be easily done in one, two, or three
dimensions.For the staggeredbiplane con� gurationwe are solving,
employinga two-dimensionaldomain decompositionapproachor a
one-dimensionalapproachalong the » direction will complicate the
communication routine and increase the number of messages (and
hence latency costs) needed to exchange the boundary information.
Therefore, we decided to use the one-dimensional domain decom-
position approach in the ´ direction (see Figs. 4 and 5). As shown
in Fig. 4, the computationaldomain for our test problem consists of
three major sections. Each of these sections is split separately into
smaller blocks. This is done to ensure that the interfaces for these
sections would always be block boundaries and that they would
not be interior to any block. This approach simpli� es the boundary
conditions application process as well as the solution procedure.

Mapping
This is one of the services that MPI offers to the programmer

because the best or a good decompositiondepends on the details of
the underlyinghardware.Mapping on LACE is straightforward.We
just assign each block to a separate processor and the calculation
proceeds. However, on the Cray T3D, there is a system restriction
that the chosen number of processors has to always be a power of
2. This problem was solved by allowing an arbitrary number of
blocks per processor (see Fig. 5). To get a good load balancing, the
combined sum of the sizes of the blocks assigned to processors n1
or n1 C n2 C 1 has to be almost equal to that of any other block
assigned to any other processor.

Fig. 5 One-dimensional domain decomposition on the Cray T3D.

Grid Communication
The input/output (I/O) operations are not a part of the MPI stan-

dardyet, and thereforeno standard(portable)MPI routinesare avail-
able to distribute the data among the processors. To ensure maxi-
mum portability, we decided to do the grid communication using
only standard MPI routines. An easy way to perform this step is to
let the master processor read the whole grid � le, extract the appro-
priate piece of data required by each processor, buffer it, and then
send it in a direct message to that processor.

Boundary Information Exchange
To be able to solve each partitioned block separately, we need

to update the solution at the boundaries of each block from the
appropriate processors. This is done by exchanging the solution in
a one-cell-deep layer of ghost cells. This exchange process is done
after every iteration.

Thereare severalmodesof communicationin MPI.13 In this work,
the data exchange at the block boundariesis implemented using the
MPI SENDRECV routine. This routine is a locally blocking one,
which means that a send or a receive would not return until it is
complete, and therefore a tight synchronization is achieved among
the processors.

System Setup and Solution
The system of equations that needs to be solved is set up and

solved separately for each block. The required two solution steps
for both the SSOR and the LUCI schemes are done sequentially,
and hence no communication is needed.

Convergence Check
To check for convergence, the value of the L1 norm is moni-

tored.
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Output Collection
As mentioned previouslyin the grid communication step, the I/O

operations are not a part of the MPI standard yet, and therefore
standard MPI routines were used to perform this step in an exactly
opposite way to the grid communication.

B. Version II
The basic steps undertaken to parallelize this version are very

similar to those of version I. The details of some of these steps are
somewhat different.

Setup of the Parallel Environment
To perform the two solution steps concurrently, the default MPI

communicatoris split into two new communicators,calledLCOMM
and UCOMM, each having half the total number of processors as
its associated group.

System Setup and Solution
Processorswithin LCOMM perform the L step [solutions to Eqs.

(9a) and (10a) of Ref. 8], whereas processors within UCOMM per-
form the U step [solutions to Eqs. (9b) and (10b) of Ref. 8] si-
multaneously. Afterward, a communication between LCOMM and
UCOMM is needed where LCOMM sends the solution of the L
step and receives that of the U step, whereas UCOMM sends the
solution of the U step and receives that of the L step. Again, the
communication routine used here is the MPI local blocking routine
MPI SENDRECV.

C. Time Measurement
To deal with time discrepancies resulting from other network

traf� c, we ran each case a few times and used an average of these
timesas our run time.The MPI WTIME routinewas used to actually
performthe timings,and thevaluesit returnedwerewall clocktimes.

Results
Figure 6 shows the pressure contours picture obtained using the

LUCI scheme and the � ne grid. Excellent shock capturing can be
seen in this � gure, which is yet one more evidence of the accuracy
of the LUCI scheme.

To showthe discrepanciesin the executiontime measurementson
LACE, we show time measurements for the LUCI scheme in Fig. 7.
In this � gure, the deviations of the individual execution time mea-
surements from the mean value are presented. It can be seen from
this � gure that these deviations are very insigni� cant (maximum
around 0.004 s) and that we can consider our measured execution
time values to be very reliable. On the Cray T3D, however, the sys-
tem is set up in such a way to give exclusive access to the requested
numberof processorsonce the jobstarts runningon them.Therefore,
no discrepancies showed up in the time measurement there.

Figure 8 shows the variation of the execution time per iteration
with the number of processors for both the LUCI and the SSOR

Fig. 6 Pressure contours for the staggered biplane con� guration
(LUCI scheme).

Fig. 7 Uncertainties in time measurements for the LUCI scheme (ver-
sion I).

Fig. 8 Execution time for version I for different grid sizes (LACE).

schemes. Both the coarse and the � ne grid results are shown in this
� gure. It can be seen from this � gure that the execution time falls
almost linearly in all of these caseswith some sublinearitystartingto
show up at about 9 processors for the coarse grid and 12 processors
for the � ne grid. Furthermore, we can see that the execution times
for the LUCI and the SSOR schemes are very comparable over the
whole range of processors. This implies that the overhead in the
LUCI scheme, due to the extra algebraic step needed to compute
the overall solution, is of no practical importance,and this overhead
diminishes even further as the number of processors increases.

An importantmeasure of parallel performanceis speedup14 (exe-
cutiontime on a singleprocessordividedby parallelexecutiontime).
Figure 9 shows the speedup for differentgrid sizes vs the number of
processors for both the LUCI and the SSOR schemes on the LACE
platform. A comparison with the ideal speedup is shown as well.
This � gure shows that the speedupdegradationas the numberof pro-
cessorsincreasesis worse for the coarsegrid thanfor the � ne grid be-
cause of the higher computation to communication ratio for the � ne
grid relative to thecoarsegrid.Another conclusionthat canbe drawn
from Fig. 9 is that the speedup achieved with the LUCI scheme is
slightlybetter than that achievedwith the SSOR scheme. This again
can be explainedon the basisof the highercomputationto communi-
cation ratio for the LUCI scheme relative to the SSOR scheme. The
extrastepneeded in theLUCI schemeto get theoverall solutionadds
a little bit more computation relative to the SSOR scheme, which
improves the computation to communication ratio accordingly.

Another important measure of parallel performance is the par-
allelizationef� ciency14 (speedup divided by the number of proces-
sors). Figure 10 shows the variationof this parallelizationef� ciency
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Fig. 9 Speedup for version I for different grid sizes (LACE).

Fig. 10 Parallelization ef� ciency for version I for different grid sizes
(LACE).

with the number of processorsfor the cases discussed in Fig. 9. The
better speedup for the � ne grid relative to the coarse grid and for
the LUCI scheme relative to the SSOR scheme translates into better
parallelizationef� ciencies, which can be seen in Fig. 10.

Figures 11–13 compare the execution time, speedup, and par-
allelization ef� ciency of both the LUCI and the SSOR schemes
on LACE and the Cray T3D, respectively. On the Cray T3D, the
slightly superlinear speedups in Fig. 12 and the slightly higher than
one (maximum around 1.05) parallelization ef� ciencies in Fig. 13
are caused by heterogeneity resulting from operating within dif-
ferent levels in the memory hierarchy. The Cray T3D processors
have only primary caches and have no secondary caches, contrary
to LACE processors that are equipped with primary and large sec-
ondary caches. When the time measurements for the single proces-
sor were taken, the test problem did not � t within the primary cache
of the T3D processor, and therefore most of the data accesses were
to the main (slower)memory.However,asmoreprocessorsare used,
the effectivecache size becomes larger, and more data accesseswill
be to the primary (faster) cache rather than the main memory. We
can also see from Figs. 11–13 that the parallel performance of the
LUCI and the SSOR schemes on the Cray T3D is better than that
on LACE. The execution time is less due to the fast alpha chips on
the T3D processors, the achieved speedup is higher, and so is the
parallelizationef� ciency.

It is clear from theprecedingdiscussion(Fig. 8) that theexecution
times per iteration for both schemes are comparable; however, the
convergence deterioration characteristics of both schemes as the
number of processors increases are different. Therefore, it is also
important to compare the time to achieve a converged solution to

Fig. 11 Execution time for version I (� ne grid).

Fig. 12 Speedup for version I (� ne grid).

Fig. 13 Parallelization ef� ciency for version I (� ne grid).

a certain tolerance using the LUCI and the SSOR schemes. For
the � ne grid calculations on the Cray T3D, the execution times to
convergence are given in Table 1.

It is obvious from this table that for a small to moderate number
of processors on distributed memory machines the difference be-
tween the two execution times becomes smaller and smaller. This is
consistent with the LUCI’s small convergence deterioration as the
number of processors increases compared with the SSOR scheme
that is shown in Tables 2 and 3 of Part 1 of this paper.8 For large
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numbers of processors, however, we do not have any data to com-
pare the performanceof the two schemes,but it is important to stress
here the desirable stability advantages of the LUCI scheme.

Before we start talking about the results for the parallel imple-
mentation of version II, a few observations are in order. First, we
did time our code on a single processor and found out that, out of
the total CPU run time for the code, 60% of this time was used to
compute the right-hand side (residual) of the system of equations
that is to be solved, whereas 40% of the time was taken to actually
solve this system. The LUCI scheme, in its basic form, introduces
savings in the system solution step, which means savings in the
40% portion of the total run time. It is savings in this portion that
we are interested in examining in this work. Of course, savings in
the 60% portion are very signi� cant and should be sought, but for
the purposes of our current work only savings from decoupling the
solution steps are considered.

Figures14and15comparetheexecutiontime andspeedupof both
versionsI and II of the LUCI scheme on the Cray T3D, respectively.

Table 1 Total execution time (in hours) for the LUCI
and the SSOR schemes

Number of processors

Scheme 1 2 4 8 16 32 64

LUCI 6.67 3.32 1.72 0.93 0.49 0.33 0.22
SSOR 4.91 2.51 1.33 0.75 0.42 0.29 0.19

Fig. 14 Execution times for versions I and II of the LUCI scheme on
the Cray T3D (� ne grid).

Fig. 15 Speedup for versions I and II of the LUCI scheme on the Cray
T3D (� ne grid).

All of these measures are plotted against the number of processors.
These � gures show that the parallel performance of version I is
superior to that of version II. Version II needs more execution time
and delivers less speedup. The reason for this behavior is that if we
specify the same number of processors for both versions I and II,
then version I will have twice as many blocks as version II has. This
means that each processor in version II is working on a block that
has double the size of a block that a processorin versionI is working
on. Even though we achievesome gains due to the decouplingof the
solutionsteps, the increasein theblocksizeoffsets that which results
in poorer performance. If savings in the set up phase mentioned in
the previousparagraphwere realized, then still there will be no way
for the parallel performance of version II to match that of version I
if the number of processors is used as the basis for comparison.

To be able to see the savings achieved by decoupling the solu-
tion steps, we replotted the modi� ed parallel performance param-
eters (execution time, speedup, and parallelization ef� ciency) in
Figs. 16–18, respectively,but this time we used the effectivenumber
of processors as the basis for comparison. The use of the word
“modi� ed” to describe the parallel performanceparameters in these
� gures is merely to distinguish them from the traditional parallel
performance parameters presented before. The effective number of
processors is simply equal to the actual number of processorswhen
version I is considered; however, it is equal to half that number for
version II. When using this effective number of processors as the
basis for comparison,the numberof blocks for both versionsI and II
will be the same and so will the block size. Therefore, only effects

Fig. 16 Modi� ed execution times for versions I and II of the LUCI
scheme on the Cray T3D (� ne grid).

Fig. 17 Modi� ed speedup for versions I and II of the LUCI scheme on
the Cray T3D (� ne grid).
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Fig. 18 Modi� ed parallelization ef� ciency for versions I and II of the
LUCI scheme on the Cray T3D (� ne grid).

due to decoupling the solution steps will show up. We can now see
the lower execution time and higher speedup of version II relative
to version I. However, these improvementsseem to become less and
less signi� cant as the number of processors increases.This is when
communication will outweigh the savings achieved by decoupling
the solution steps and the point of diminishing returns is reached.

Conclusions
A staggered biplane con� guration employing a hybrid C-H-C

multiblock grid was used to benchmark the LUCI and SSOR
schemes.Parallelbenchmarksusingtwo grids(coarseand � ne)were
performed.The � negridproducedbetterparallelperformancedueto
its higher computationto communicationratio relative to the coarse
grid (maximum gains in speedup and parallelization ef� ciency are
about 13% and 15 percentage points, respectively).

The LUCI scheme was implemented in parallel using two ver-
sions: version I, when both solution steps were solved on the same
processor, and version II, when these two steps were done in par-
allel. However, only version I for the SSOR scheme was possible.
In version I, the LUCI scheme slightly outperformed the SSOR
scheme in terms of the speedup and the parallelization ef� ciency
achieved (about 2 percentage points maximum gain in paralleliza-
tion ef� ciency), whereas it required slightly more execution time
(maximum slowdown around 1%) due to the algebraic step needed
to compute the overall solution. When the parallel performances
of the LUCI and the SSOR schemes on LACE and on the Cray
T3D were compared, a relatively better performance on the Cray
T3D was achieved (maximum gains in speedup and parallelization
ef� ciency are about 7% and 8 percentage points, respectively).

When the parallel performances of versions I and II were com-
pared, two interpretationswere presented. If the number of proces-
sors was used as the basis for comparison, then version I would
outperform version II. However, using the effective number of pro-
cessors as the basis for comparison changed the story and showed
a relatively better performance for version II. In the future, as the
number of processors increases and the communication cost de-
creases, version II might become feasible to use. The reason for this
will probably be that the stability and convergence characteristics
of the employed implicit scheme in the massive range of number
of processors will suffer so that no further use of extra processors
can be made. Version II, which can use twice as many processorsas
versionI can (for the samenumberof blocks), will be the target then.

Another interesting feature about the LUCI scheme is that it ap-
pears to us that it may be highly effective on any type of parallel

computer where, at a minimum, groups of two processors share
memory. On such machines the residual calculation reportedearlier
in the results section to take 60% of the computation time could be
easily split between the L and U processorsused in version II of the
code because of the shared memory. In addition, the time needed
to transfer the solution between the L and U processors could be
reducedor even eliminated.Even on distributedmemory machines,
the residual calculationshould be easy to parallelizebecause of the
lack of dependencies; however, the time needed for data transfer
between the L and U processors could be prohibitive. Machines
where a small number of processorshave shared memory are likely
to become more and more prominent as multiheadcomputersbegin
to appear on the mass market.
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